Let (M, Q) be a dg manifold. The space of shifted vector fields (X (M)[−1], L Q ) is a Lie algebra object in the homology category H(dg−mod) of dg modules over (M, Q), the Atiyah class α M being its Lie bracket. The triple (X (M)[−1], L Q ; α M ) is also a Lie algebra object in the Gabriel-Zisman homotopy category Π(dg−mod). In this paper, we describe the universal enveloping algebra of (X (M)[−1], L Q ; α M ) and prove that it is a Hopf algebra object in Π(dg−mod). As an application, we study Fedosov dg Lie algebroids and recover a result of Chen, Stiénon and Xu on the Hopf algebra arising from a Lie pair.
Atiyah classes were introduced by Atiyah [1] as the obstruction to the existence of a holomorphic connection on a complex manifold. It was shown by Kapranov [14] that the Atiyah class of a complex manifold X endowed the shifted holomorphic tangent bundle T X [−1] with a Lie algebra structure in the derived category of coherent sheaves of O X -modules. This structure plays an important role in the construction of Rozansky-Witten invariants [16] . In his work on the deformation quantization of Poisson manifolds [17] , Kontsevich indicated a deep link between the Todd genus of complex manifolds and the Duflo element of Lie algebras. See [19] for the formality theorem for smooth dg manifolds, which implies the Kontsevich-Duflo theorem for Lie algebras and Kontsevich's theorem for complex manifolds [17] under a unified framework. Later, Chen, Stiénon and Xu introduced the Atiyah class of Lie algebroid pairs in [8] , which encodes both the Atiyah class of complex manifolds and Molino class [25] of foliations as special cases. Towards a different direction, Metha, Stiénon and Xu [24] introduced the Atiyah class and the Todd class of dg manifolds. For a wealth of further investigation, see [6, 10, 13, 28] .
Atiyah classes form a bridge between complex geometry and Lie theory. In Ramadoss's work [26] , it is proved that the universal enveloping algebra of the Lie algebra object T X [−1] in D b (O X ), the derived category of bounded complexes of O X -modules, is the Hochschild cochain complex (D • poly , d H ). This result played an important role in the study of the Riemann-Roch theorem [23] , the Chern character [26] and the Rozansky-Witten invariants [27] .
We are motivated by Ramadoss's work [26] , and Chen-Stiénon-Xu's [7, 8] , where it is shown that the quotient L/A[−1] of a Lie pair (L, A) is a Lie algebra object in the derived category , which is also a Hopf algebra object in D b (A). In the present paper, we study a dg manifold (M, Q), and the associated Atiyah class, which is an element
, where X (M) is the space of vector fields, and H(dg−mod) is the homology category of the category dg−mod of dg modules over (M, Q) (see Section 4 for more explanations of notations). It turns out that (X (M)[−1], L Q ; α M ) is a Lie algebra object in the homology category H(dg−mod), and in the homotopy category Π(dg−mod) as well, where the Atiyah class α M is regarded as a Lie bracket on X (M)[−1].
It is well known that every ordinary Lie algebra g admits a universal enveloping algebra U (g), which is a Hopf algebra. We are thus led to the natural question: does there exists a universal enveloping algebra for X (M)[−1] in Π(dg−mod)?
We give a positive answer to this question.
Theorem 1.1.
(1) The natural inclusion map θ : (X (M)[−1], L Q ; α M ) → (totL(D 1 poly ), L Q + d H ; 〚 , 〛) is an isomorphism in the homotopy category Π(dg−mod). Moreover, it is an isomorphism of Lie algebra objects, i.e., the following diagram commutes in Π(dg−mod):
(2) The dg module (totD poly , L Q + d H ) is the universal enveloping algebra of the Lie algebra object (X (M)[−1], L Q ; α M ), and a Hopf algebra object, in Π(dg−mod).
Here (totL(D 1 poly ), L Q + d H ; 〚 , 〛) is the free Lie algebra object spanned by D 1 poly (see Sections 2 and 3 for explanations of notations). This result can be regarded as an analogue of Ramadoss's Theorem 2 in [26] , in the context of dg manifolds.
In the commutative diagram (1), the Atiyah class α M on the upper side reflects geometric information of (M, Q), while the Lie bracket of lower side is the naive free Lie algebra bracket, which is a pure algebraic operation. Thus Diagram (1) can be regarded as a universal representation of Atiyah classes of dg manifolds.
We recall some results due to Chen-Stiénon-Xu [7, 8] . As we have mentioned, the Atiyah class α L/A of a Lie pair (L, A) defines a Lie bracket on L/A[−1] in D b (A). It is further introduced a free Lie algebra object (L(D 1 poly (L/A)), d H ; 〚 , 〛), leading to the universal enveloping algebra object (
is an isomorphism of Lie algebra objects, i.e., the following diagram commutes in D b (A):
2.2. The Schouten-Nijenhuis algebra T poly of polyvector fields. In this paper, we will consider a special C ∞ M -complex, denoted by T 1 poly = (T 1 poly , δ = 0), arising from X (M). Roughly speaking, it is a copy of X (M) but concentrated in the horizontal degree (+1). In other words, (T 1 poly ) 1 = X (M) and (T 1 poly ) n = 0 for n = 1. An element in T 1 poly is just some vector field X ∈ X (M). The only difference is that it has a double grading (1, X). If we treat X ∈ T 1 poly , then X means the original degree of X as a vector field and |X| = 1 + X the total degree. One could also treat X ∈ totT 1 poly = X (M)[−1]. The C ∞ M -complex of polyvector fields, denoted by T poly , is the symmetric algebra of T 1 poly : T poly = (T poly , δ = 0) : = S • (T 1 poly , 0). The symmetric product in T poly is denoted by ⊙. Note that the component T n poly = S n (T 1 poly ), whose elements, called n-polyvector fields on M, are finite sums of homogeneous elements of the form: X = X 1 ⊙X 2 ⊙ · · · ⊙X n . Here each vector field X i is considered as an element in T 1 poly . The horizontal degree of X is n, whereas vertical degree of X is X 1 +· · ·+ X n , and the total degree of X is |X| = n+ X 1 +· · ·+ X n .
The space T poly admits a canonical Schouten-Nijenhuis algebra structure, also known as a degree 1 Poisson algebra. See [3] for more details.
2.3. The Hopf algebra D poly of polydifferential operators. The tangent bundle T M is a Lie algebroid over M. Its universal enveloping algebra, denoted by D M , is called the space of differential operators. Denote by D 1 poly the bigraded object which is a copy of D M and concentrated in horizontal degree (+1). If a differential operator D ∈ D M is considered as in D 1 poly , then it has horizontal degree (+1), vertical degree D and total degree |D| = 1 + D. It is convenient to denote D ∈ totD 1 poly = D M [−1]. Elements of the space D n poly : = ⊗ n D 1 poly are called n-polydifferential operators. Denote by D n,m poly ⊂ D n poly the set of elements of horizontal degree n and vertical degree m. In other words, D n,m poly is K-linearly spanned by homogenous elements of the form D = D 1 ⊗ · · · ⊗D n where D i ∈ D 1 poly and D 1 + · · · + D n = m. Note that the total degree |D| = n + m. Remark 2.3.1. Following Tamarkin and Tsygan [30] , a n-polydifferential operator D ∈ D n poly can be identified as a map D :
n j=i+1 ( f i + 1)|D j |. The space of polydifferential operators D poly : = ⊕ n 0 D n poly = ⊕ n 0,m∈Z D n,m poly admits a Hopf algebra structure:
• The multiplication is the cup product
In terms of a map from ⊗ p+q
for
• The comultiplication is the shuffle coproduct ∆ : D poly → D poly ⊗D poly ,
where Sh(p, q) stands for the set of (p, q)-shuffles and κ(σ) is the Koszul sign determined by
Here ⊙ is the symmetric product in S • (D 1 poly ). • The unit is the natural inclusion η :
We further describe the C ∞ M -complex structure on D poly . First, recall that the Gerstenhaber product of two elements D ∈ D n poly and E ∈ D m poly , denoted by D • E ∈ D n+m−1 poly , is the operator
where ⋆ j = (|E| + 1)( f 1 + · · · + f j + j). The Gerstenhaber bracket in the Hopf algebra D poly is defined by
It satisfies the following well known properties (see [30] ):
Consider the special element m : = −1 ⊗1 ∈ D 2,0 poly . As an operator,
The horizontal differential on D poly is defined and denoted by
poly . It is also called the Hochschild coboundary operator. The following proposition is standard.
We call (D poly , d H ) the C ∞ M -complex of polydifferential operators. Define an operation ∆ : D 1 poly → D 2 poly ,
We call ∆ the coproduct of D 1 poly . Note that we have
poly , is given by Proposition 8.1 in Appendix.
Proof. By definition, we have
The following lemma is needed.
A direct consequence of Lemma 2.3.1 and Lemma 2.3.2 is the following
Dg manifolds
3.1. Dg manifolds and dg modules. A dg manifold is a pair (M, Q), where M is a graded manifold, and Q ∈ X (M) is a homological vector field, i.e., a degree (+1) vector field such that [Q, Q] = 2Q 2 = 0.
A dg vector bundle is a vector bundle object in the category of dg manifolds. In other words, a dg vector bundle over (M, Q) is a pair (E, L Q ), where (1) E is a vector bundle over M, (2) L Q : Γ(E) → Γ(E) is a degree (+1) differential, i.e.,
M , and s ∈ Γ(E). In this note, we abuse the notation L Q to denote all differentials of dg vector bundles, unless the differential is otherwise specified. For example, the tangent space T M of (M, Q) is a dg vector bundle, whose differential L Q = [Q, · ].
and ξ ∈ N. Again, the notation L Q is abused to denote all differentials of dg modules, unless stated otherwise. For a dg vector bundle (E, L Q ) over (M, Q), the section space Γ(E) is a dg module over (M, Q). In particular, (X (M), L Q = [Q, · ]) is a dg module.
A morphism of dg modules from (N,
In this note, let us fix the dg manifold (M, Q). The category of dg modules over (M, Q) is denoted by dg−mod. The homology category H(dg−mod) is the category whose objects are dg modules, and whose morphisms are morphisms of dg modules modulo cochain homotopy [11, 15] . The homotopy category Π(dg−mod) is the Gabriel-Zisman localization of dg−mod by the set of quasi-isomorphisms [11] . We have a sequence of natural functors between these categories:
which is anti-commutes with δ, i.e.,
So, a dg complex is indeed a triple Υ = (Υ, L Q , δ). It is convenient to denote such a dg complex by a diagram of double complex:
We call δ the horizontal differential and L Q the vertical differential. By the compatibility condition (8), we have a total complex (totΥ, L tot
A morphism of dg complexes ϕ :
(2) ϕ commutes with δ:
that induces a quasi-isomorphism between the corresponding total complexes (totΥ 1 , L Q + δ 1 ) and (totΥ 2 , L Q + δ 2 ).
The derived category D(dg−mod) of dg complexes over (M, Q) is the Gabriel-Zisman localization of Ch(dg−mod) by the set of quasi-isomorphisms.
The operation of taking total complex can be regarded as a functor tot : Ch(dg−mod) → dg−mod.
We also denote by tot :
the induced functor between the two Gabriel-Zisman localizations of categories. The category Ch(dg−mod) is a monoidal tensor category. We now explain the tensor prod-
It is straightforward to verify that (Υ 1 ⊗Υ 2 , L Q , δ) is a dg complex. There is also a symmetric product ⊙ on Ch(dg−mod) defined in a similar manner.
The following natural diagram summarizes the relations between all the categories that we introduced.
3. Dg complex structures on D poly and T poly , and the HKR theorem. We have defined C ∞ M -complex structures on T poly and D poly . As we are working on a dg manifold (M, Q), T poly and D poly are equipped with dg complex structures. In fact, the homological vector field Q can be regarded as an element in (T 1 poly ) 1 ⊂ D 1,1 poly . Both T poly and D poly inherits the natural vertical differential L Q : = [Q , · ], which can be treated as maps L Q : T n,• poly → T n,•+1 poly and L Q : D n,• poly → D n,•+1 poly . We call (T poly , L Q , δ = 0) the dg complex of polyvector fields.
Proof. First, we note the easy fact that d
To verify that d H and L Q are anti-commutative, we observe that
Here we have used Eqt. (6) , and the obvious fact that
The Hochschild-Kostant-Rosenberg map
is a morphism of dg complexes defined by
where the vector fields X i are regarded as elements in T 1 poly . Here κ(σ) is the Koszul sign (see Eqt. (4)).
The following Hochschild-Konstant-Rosenberg type theorem is due to Liao-Stiénon-Xu (see Proposition 4.1 in [19] ).
3.4. The universal enveloping algebra of a free Lie algebra object.
A well known fact in Lie theory is that the universal enveloping algebra of a free Lie algebra is the free associate algebra. In this part we describe a similar result in monoidal categories, which is generalized from the work of Ramadoss [26] .
Definition 3.4.1. If it exists, the universal enveloping algebra of a Lie algebra object G in Ch(dg−mod) (resp. D(dg−mod)) is an associative algebra object U (G) in Ch(dg−mod) (resp. D(dg−mod)) together with a morphism of Lie algebra objects i : G → U (G) satisfying the following universal property: given any associative algebra object K and any morphism of Lie algebras f :
It can be easily verified that, if exists, U (G) is unique up to isomorphism in Ch(dg−mod) (resp. D(dg−mod)).
Let V be a C ∞ M -module. Denote by V the bigraded C ∞ M -module which is a copy of V and concentrates in horizontal degree (+1). One forms the bigraded
Thus T • V is a Lie algebra object in the category of bigraded objects.
We also denote by 〚 , 〛 the induced Lie bracket on totT • V (resp. totL(V )), i.e.,
So far T • V is only a bigraded C ∞ M -module. Now suppose that it is equipped with a dg complex structure of the form (T • V, L Q , δ), such that L Q and δ are compatible with the tensor product ⊗, i.e., for all D, E ∈ T • V ,
In other words, (T • V, L Q , δ) is an associative algebra object in Ch(dg−mod).
is a Lie algebra object in the category Ch(dg−mod).
This theorem is due to Ramadoss [26] . It can be proved along the same lines of Ramadoss's approach and thus omitted.
which is an isomorphism of bigraded C ∞ M -modules. Here D i ∈ L(V ) are homogenous elements, and κ(σ) is the Koszul sign determined by the total degrees of D i (see Eqt. (4)).
Now we consider the case V = D M , and hence V = D 1 poly . Recall that we have the Hochschild
poly , and the coproduct ∆ : D 1 poly → D 2 poly . The following fact is a direct consequence of Lemma 2.3.1 and Proposition 8.1 in Appendix.
poly . By Theorem 3.4.1 and the above lemma, we have Corollary 3.6.1.
( 
Here µ denotes the natural symmetric product of S(L(D 1 poly ), L Q , d H ), and the map ω :
Proof. It is obvious that the map
is compatible with L Q and the Hochschild coboundary d H . Thus the map pbw is an isomorphism of dg complexes.
Recall that we have the HKR quasi-isomorphism:
where S • (θ) the symmetrization of θ in the tensor category (Ch(dg−mod), ⊗):
). As the map hkr is a quasi-isomorphism of dg complexes, the map S • (θ) is a quasi-isomorphism as well. In particular, the map θ, or the first component of S • (θ), is a quasi-isomorphism of dg complexes.
Atiyah classes of dg manifolds
4.1. The jet sequence. Given a graded manifold M, consider the space D 1 M of first-order differential operators on M. Namely, D 1 M consists of those operators on the algebra C ∞ M that are the sum of a derivation and the multiplication by an element of
Moreover, we have an exact sequence of left graded C ∞ M -modules:
Here the maps i and j are defined by:
for all ξ ∈ N , X ∈ X (M) and f ∈ C ∞ M . We call (10) the (first-)jet sequence associated with the C ∞ M -module N. Now suppose that (M, Q) is a dg manifold, and (N, L Q ) a dg module over (M, Q). Then the space
N can be endowed with a dg module structure by setting
Moreover, the jet sequence (10) becomes an exact sequence in the category dg−mod of dg modules over (M, Q).
4.2.
Smooth connections and Atiyah classes of dg modules.
and ξ ∈ N. The following lemma is immediate. 
It is easy to verify that α ∇ N is a degree (+1) and C ∞ M -bilinear map. Moreover, it is a cocycle, i.e.,
. Note that a sign correction is necessary:
Here the element X ∈ X (M)[−1] corresponds to the element X ∈ X (M). Moreover, we have a natural isomorphism: 
corresponding to the exact sequence (10) in the category dg−mod. It is standard that 
is indeed the mapping cone of i. The left roof q = j • pr 1 is a quasi-isomorphism in Π(dg−mod), and the right roof p = pr 2 , where pr 1 , pr 2 are respectively the projection to the first and second component.
The following fact is easy to prove. (1) The jet sequence (10) splits in the category dg−mod. 
for all X ∈ X (M), ξ 1 ∈ N 1 and ξ 2 ∈ N 2 .
The proof is a direct calculation and thus omitted. We also have the following functoriality property of Atiyah classes. Proposition 4.2.3. If (N 1 , L Q ) and (N 2 , L Q ) both admit smooth connections, and ϕ : (N 1 , L Q ) → (N 2 , L Q ) is a morphism of dg modules, then the following diagram
Proof. Let ∇ 1 and ∇ 2 be smooth connections on (N 1 , L Q ) and (N 2 , L Q ) respectively. We only need to show that the diagram in the category dg−mod:
commutes up to a cochain homotopy between dg modules. This can be verified directly and thus is omitted.
Atiyah classes of dg complexes. Now we consider a dg complex (Υ, L Q , δ) over (M, Q).
Recall that the corresponding total complex (totΥ, L tot Q ) is a dg module, where L tot Q = δ + L Q . Definition 4.3.1. Let (Υ, L Q , δ) be a complex of dg modules. We define the Atiyah class α Υ of the dg complex (Υ, L Q , δ) to be the Atiyah class of the dg module (totΥ, L tot Q ), i.e.,
Suppose that each component Υ n,• of (Υ, L Q , δ) admits a smooth connection ∇ n , then ∇ tot = ⊕ n ∇ n is a smooth connection on totΥ. In this case, we have:
We observe that the first part n α ∇n (Υ n• ,LQ) sends the component (T 1 poly ⊗Υ) p,q to Υ p−1,q+1 , while the second part [24] , it is shown that the K-vector space X (M)[−1] admits an L ∞ -algebra structure. In fact, one can choose a torsion free smooth connection ∇ on X (M), and construct a sequence of degree (+1) operations:
Then the operations {R k } k 1 turn X M [−1] into an L ∞ -algebra. Details of this construction can be found in [22, 24] . We denote by α M the Atiyah class of the dg module (X (M)[−1], L Q ), which can be seen as a morphism
, L Q ) in the homology category H(dg−mod).
As X (M)[−1] is an L ∞ -algebra whose binary bracket is the Atiyah cocycle α ∇ X (M)[−1] , we have The following fact is analogous to that of Kapranov [14] , Chen-Stiénon-Xu [8] and Chen-Liu-Xiang [9] . 
poly . The connection ∇ can extends naturally to each component D n poly (n ∈ Z), i.e.,
for all X ∈ X (M) and D i ∈ D 1 poly . By Remark 4.3.1, the sum of all these connections induces a connection on totD poly , which is also denoted by ∇ can .
It is easy to see that the operator ∇ can X preserves L(D 1 poly ), and thus the operator ∇ can can be regarded as a connection on totL(D 1 poly ). Recall the coproduct ∆ : D 1 poly → D 2 poly defined in Eqt. (7) .
poly . On the one hand, by Lemma 8.2 and Eqt. (19) in Appendix, we have
Here we denote by (±) the appropriate Koszul signs which can be worked out explicitly as explained in Appendix.
On the other hand and by Eqt. (19) again, we have
By careful comparison of Equations (12) and (13), we see that they coincide. Now we consider the Atiyah cocyles of (D poly , L Q , d H ) and (L(D 1 poly ), L Q , d H ) associated to the connection ∇ can :
for all X ∈ X (M), P 1 , P 2 ∈ D poly , X ∈ X (M)[−1] the corresponding element of X, and P 1 ∈ totD poly (resp. P 2 ∈ totD poly ) the corresponding element of P 1 (resp. P 2 ).
Proof. We denote by pdt : totD poly ⊗ C ∞ M totD poly → totD poly the C ∞ M -tensor product, which is a morphism of dg modules.
Let P 1 , P 2 ∈ D poly . We have
Recall that the free Lie algebra bracket 〚 , 〛 of D poly induces a Lie bracket on totD poly , which is also denoted by 〚 , 〛. The induced bracket 〚 , 〛 also preserves totL(D 1 poly ).
Proposition 5.2.1. The Atiyah cocyle α ∇ can D poly is given by
] the corresponding element of X, and D 1 ⊗ · · · ⊗D n ∈ totD poly the corresponding element of D 1 ⊗ · · · ⊗D n .
Proof. By Lemma 5.2.2, we have
In other words, α ∇ can D poly (X, · ) is a derivation of degree X = X + 1 (with respect to the ⊗ product). Clearly, 〚X, · 〛 is also a derivation of degree X + 1. Thus it suffices to prove the n = 1 case of the statement, i.e., α ∇ can D poly (X, D) = 〚X, D〛,
for all X ∈ X (M) and D ∈ D 1 poly . Let D ∈ D 1 poly . By definition, we have
. We now examine the last two lines:
• By Lemma 2.3.1, we have
Thus by Lemma 5.2.1, we see that
• By direct computation, we have
As an immediate consequence, we have
poly ) (X, 〚D 1 , · · · , 〚D n−1 , D n 〛, · · · 〛) = 〚X, 〚D 1 , · · · , 〚D n−1 , D n 〛, · · · 〛〛, for all X ∈ X (M) and D i ∈ D 1 poly . 5.3. The main result. Our main result in this section is the following:
is an isomorphism in the homotopy category Π(dg−mod). Moreover, it is an isomorphism of Lie algebra objects, i.e., the following diagram commutes in Π(dg−mod): The following corollaries are direct consequences of Theorem 3.6.1 and Theorem 5.3.1. They are, respectively, analogues of Corollary 1 and Theorem 3 in [26] . The proofs are essential the same, and thus omitted. 
Here µ denotes the natural symmetric product of S • ((X (M)[−1], L Q )), and the map
for elements X i , X ∈ X (M)[−1], where we denote by ⊙ C ∞ M the C ∞ M -symmetric tensor product, and ♦ i = ( X i+1 + · · · + X n + n − i)( X i + 1). 
in the homotopy category Π(dg−mod):
Hopf algebras arising from Lie pairs
In this part, we study the relation between two Hopf algebra constructions -one arising from dg manifolds and the other from Lie pairs. Let M be a smooth manifold. Throughout this section, we denote by R = C ∞ (M, K), the ring of K-valued smooth functions on M . The notion of Lie pair is a natural framework encompassing a range of diverse geometric contexts including complex manifolds, foliations, and g-manifolds (that is, manifolds endowed with an action of a Lie algebra g). By a Lie pair, we mean an inclusion A ֒→ L of Lie Kalgebroids over a smooth manifold M . Recall that a Lie K-algebroid is a K-vector bundle L → M , whose space of sections is endowed with a Lie bracket [ , ], together with a bundle map ρ : L → T M ⊗ R K called anchor such that ρ : Γ(L) → X (M ) ⊗ R K is a morphism of Lie algebras and
Given a Lie pair (L, A), let B = L/A be the quotient vector bundle. First of all, there is a short exact sequence
Note that B is naturally an A-module, i.e., End(B) ) does not depend on the choice of j and ∇. It is called Atiyah class of the Lie pair (L, A).
It is well known that the Lie algebroid structure on A defines a dg manifold (A [1] , d A CE ). Here we understand that the space of smooth functions on A [1] is C ∞ A[1] := Ω(A) = Γ(∧ • A ∨ ), and d A CE : Ω(A) → Ω(A) is the standard Chevalley-Eilenberg differential. In what follows, Ω(A) refers to this particular dg algebra.
Let (B ! , d B ! CE ) be the dg vector bundle over (A [1] , d A CE ) which is the pull back of B:
In other words,
and d B ! CE is the Chevalley-Eilenberg differential of A with respect to the A-module B. As the Lie pair Atiyah class
, it can be regarded as a morphism 
for p 1 , · · · , p n ∈ D 1 poly (B). The object (D • poly (B), d H ) is a differential graded associative algebra, the product being the tensor product ⊗ R . It turns out that (D • poly (B), d H ) is a Hopf algebra object in the category of complexes of A-modules [7] . Denote by (L(D 1 poly (B)), d H ; 〚 , 〛) the free differential graded Lie algebra spanned by D 1 poly (B) inside (D • poly (B), d H ). There are two ways to construct (M, Q), one is by way of Fedosov's iteration method, the other is by the PBW map. We will briefly recall the second one. The reader is referred to [29, Section 2] for more details of Fedosov dg manifolds (see also [2, 18] ). Let pbw ∇,j : Γ(SB) → D 1 poly (B) be the PBW map introduced in [21, 22] . Here SB denotes the symmetric tensor algebra of B. There is a canonical flat L-connection
for all l ∈ Γ(L) and u ∈ D 1 poly (B). Pulling back ∇ can via the map pbw ∇,j , we obtain a flat L-connection on Γ(SB): Clearly, M can be thought of as a vector bundle over L [1] . We denote by π : M → L[1] the natural projection. It can be verified that π : (M, Q) → (L [1] , d L CE ) is a dg map (see [4] and [29] for details). Hence, the integrable distribution ker π * ⊂ T M is a dg foliation of (T M , L Q ) and thus a dg Lie algebroid over (M, Q). We call it the Fedosov dg Lie algebroid, and denote it by (F , L Q ).
As F ⊂ T M is a dg foliation, we can consider the dg sub-algebra D M (F ) ⊂ D M of fiberwise differential operators of the fibration (M, Q) π − → (L [1] , d L CE ), which is the universal enveloping algebra of the dg Lie algebroid (F , L Q ). Similarly, we have dg sub-objects T poly (F ) ⊂ T poly , D poly (F ) ⊂ D poly , (totL(D 1 poly (F )),
6.4. The Atiyah class α F . In general, given a dg foliation (F , L Q ) on a dg manifold (M, Q), one has the notion of F -Atiyah class of dg modules (N, L Q ) over (M, Q). For details, see the notion of Atiyah class of dg Lie algebroids in Mehta-Stiénon-Xu's paper [24] . The definition is completely analogous to the Atiyah class of a dg manifolds with everywhere X (M) replaced by Γ(F ).
Here we consider the particular Fedosov dg Lie algebroid (F , L Q ) and the particular dg module (Γ(F [−1]), L Q ) over (M, Q). In this situation, we have a canonical F -connection ∇ F on the Rmodule Γ(F ) characterized by the relation (see [20] for more details)
The operator ∇ F can be also regarded as a connection on Γ(F )[−1]. Accordingly, the F -Atiyah cocycle associated to the F -connection ∇ F on Γ(F )[−1] is a dg morphism
Here the notations X, Y ∈ Γ(F )[−1] denote the elements that correspond to X, Y ∈ Γ(F ), respectively. The F -Atiyah class of (Γ (F ) 
Relation with Ramadoss's work
Ramadoss studied the algebraic Atiyah classes of algebraic vector bundles over a field K of characteristic zero [26] . We will describe, without proofs, the relation between some of Ramadoss's results and ours, in the case K = C.
Let (X, O X ) be a smooth scheme over C, and E an algebraic vector bundle over X. The algebraic Atiyah class α(E) ∈ Ext 1 OX (T X ⊗ OX E, E) is the extension class of the jet sequence in the category of O X -module:
We denote by α X the algebraic Atiyah class of the algebraic tangent bundle T X . We also have the objects (D • poly , d H ; ⊗ OX ) and (L(D 1 poly ), d H ; 〚 , 〛) for the scheme (X, O X ) [26] , which are algebraic versions of D poly and L(D 1 poly ). The following theorem is obtained by Ramadoss [26, Theorem 2]:
commutes in the derived category D + (O X ) of bounded below complexes of coherent O X -modules, the map θ : T M [−1] → L(D 1 poly ) being the natural inclusion map. Denote by X sm the underlying smooth manifold of X, X an the complex manifold. Let (X = T 0,1 (X sm ) [1] , Q = ∂) be the dg manifold associated to the Dolbeault resolution of the sheaf of holomorphic functions O an X , i.e., the support of X is X sm , and the sheaf of smooth functions (C ∞ X , Q) : = (Ω 0,• X sm , ∂). Let E → X be an algebraic vector bundle over X. Denote by E sm (resp. E an ) the underlying smooth (resp. holomorphic) vector bundle over X sm (resp. X an ). Consider the dg vector bundle (E, L Q ) → (X , Q) associated with the Dolbeault resolution of E an . In other words, Γ(E) = Ω 0,• X sm ⊗ C ∞ (X sm ,C) Γ(E sm ), and L Q = ∂. The correspondence (X, O X ) to (X , Q) can be lifted to a functor from the category Sch C of smooth schemes over C to the category of dg manifolds dg − Mfd. The correspondence E → X to (E, L Q ) → (X , Q) can also be lifted to functor c :
. We are now ready to state the relation between algebraic Atiyah classes and dg Atiyah classes -they coincide at the lower right corner in the following diagram:
Here the bottom horizontal map comes from the functor c : D + (O X ) → Π(C ∞ X −mod), and the vertical map on the right hand side comes from the natural functor H(C ∞ X −mod) → Π(C ∞ X −mod).
Moreover, the functor c : D + (O X ) → Π(C ∞ X −mod) sends Ramadoss's commutative diagram (7.1) to the following commutative diagram:
In fact, it is an instance of the commutative diagram (15) where one considers the particular dg manifold (X , Q 
Appendix
This part is devoted to a technical proposition. Recall that elements in D M are of the form
where X 1 , · · · , X n ∈ X (M). In what follows, we will also treat the above D as in D 1 poly , X i as in T 1 poly and • as the Gerstenhaber product (see Eqt. (5)). Recall also the coproduct ∆ defined in Eqt. (7) and the commutator 〚 , 〛 defined in Eqt. (9) . 
Here S is the set of permutations σ : {1, · · · , n} → {1, · · · , n} such that σ(1) = 1, 1 < σ(2) < · · · < σ(p) and σ(p + 1) < · · · < σ(n), where 1 p n. The number τ (σ) = τ 1 (σ) + τ 2 (σ), where τ 1 (σ) = X σ(p+1) + · · · + X σ(n) , and τ 2 (σ) is the Koszul sign determined by the ordinary degrees X i , i.e., X 2 ⊙ · · · ⊙ X n = (−1) τ2(σ) X σ(2) ⊙ · · · ⊙ X σ(n) .
Here ⊙ is the symmetric product in S • (X (M)).
We need the following lemmas. This lemma is proved for the case of Hochschild cohomology complexes of associative algebras in [12] . It can be easily generalized to the graded case as above. We now give the Proof of Proposition 8.1. We adopt an inductive approach. For the n = 1 case, we have ∆(X 1 ) = X 1 ⊗1 + (−1) X1 1 ⊗X 1 = X 1 ⊗1 − (−1) X1+1 1 ⊗X 1 = 〚X 1 , 1〛.
Suppose that Eqt. (19) is proved for some n 1. Consider D = X 1 • · · · • X n+1 = X 1 • D ′ , where D ′ = X 2 • · · · • X n+1 . Then we have By the induction assumption, we have
where S ′ is the set of permutations σ ′ : {2, · · · , n + 1} → {2, · · · , n + 1} such that σ ′ (2) = 2, 2 < σ ′ (3) < · · · < σ ′ (p + 1) and σ ′ (p + 2) < · · · < σ ′ (n + 1) for some 1 p n − 1. By Lemma 8.2, we have X 1 • 〚X 2 • X σ ′ (3) • · · · • X σ ′ (p+1) , X σ ′ (p+2) • · · · • X σ ′ (n+1) 〛 = 〚X 1 • X 2 • X σ ′ (3) · · · • X σ ′ (p+1) , X σ ′ (p+2) • · · · • X σ ′ (n+1) 〛 + (−1) (A+1)(B+1)+1 〚X 1 • X σ ′ (p+2) • · · · • X σ ′ (n+1) , X 2 • X σ ′ (3) • · · · • X σ ′ (p+1) 〛,
where A = X 2 + X σ ′ (3) + · · · + X σ ′ (p+1) and B = X σ ′ (p+2) + · · · + X σ ′ (n+1) . Thus
For each σ ′ ∈ S ′ as above, we define the following two new permutations of {1, · · · , n + 1}.
• The permutation σ ′ : {1, · · · , n + 1} → {1, · · · , n + 1} which satisfies σ ′ (1) = 1 and σ ′ | {2,··· ,n+1} = σ ′ . It is clear that τ ( σ ′ ) = τ (σ ′ ) = τ 1 (σ ′ ) + τ 2 (σ ′ ) = B + τ 2 (σ ′ ). • The permutationσ ′ : {1, · · · , n + 1} → {1, · · · , n + 1} which satisfieŝ σ ′ (1) = 1, σ ′ (2) = σ ′ (p + 2), · · · ,σ ′ (n + 1 − p) = σ ′ (n + 1), σ ′ (n + 2 − p) = 2, · · · ,σ ′ (n + 1) = σ ′ (p + 1).
It is clear that τ 1 (σ ′ ) = A and τ 2 (σ ′ ) = AB + τ 2 (σ ′ ), thus τ (σ ′ ) = A + AB + τ 2 (σ ′ ), and (−1) τ (σ ′ )+A+B+AB = (−1) B+τ2(σ ′ )+A+B+AB = (−1) τ (σ ′ ) . Combining the above facts, we have
Observe that the union {id {1,··· ,n+1} } ∪ { σ ′ : σ ′ ∈ S ′ } ∪ {σ ′ : σ ′ ∈ S ′ } is exactly the set of all permutations σ : {1, · · · , n + 1} → {1, · · · , n + 1} such that σ(1) = 1, 1 < σ(2) < · · · < σ(p) and σ(p + 1) < · · · < σ(n + 1) for some p 1. Thus Eqt. (19) is proved for the n + 1 case.
